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ABSTRACT
Nowadays, optimization problems are large-scale and complicated, so
heuristic optimization algorithms have become common for solving them.
Gravitational Search Algorithm (GSA) is one of the heuristic algorithms
for solving optimization problems inspired by Newton’s lows of gravity and
motion. Definition and calculation of masses in GSA have an impact on
the performance of the algorithm. Defining appropriate functions for mass
calculation improves the exploitation and exploration power of the algorithm
and prevents the algorithm from getting trapped in local optima. In this
paper, Sigma scaling and Boltzmann selection functions are examined for mass
calculation in GSA. The proposed functions are evaluated on some standard
test functions including unimodal functions and multimodal functions. The
obtained results are compared with the standard GSA, genetic algorithm,
particle swarm optimization algorithm, gravitational particle swarm algorithm
and clustered-GSA. Experimental results show that the proposed method
outperforms the state-of-the-art optimization algorithms, despite the simplicity
of implementation.
c 2015 JComSec. All rights reserved.

1

Introduction

Heuristic search algorithms and swarm intelligence
algorithms are techniques used to solve large and complicated problems for which the classical methods are
too slow or not successful. Nowadays, in many kinds
of real-world optimization problems, such as robotics
[1–3] , networking [4] , economy [5] , medicine [6–8] ,
modern physics [9] , art and fashion design [10] , secure communication [11] , filter modeling [12] , industrial problems [13–16] , and image processing [17, 18] ,
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heuristic random search algorithms are used. The use
of natural laws in swarm intelligence and optimization algorithms is very common. The Gravitational
Search Algorithm (GSA) [19] is one of the heuristic algorithms that has been inspired by Newtonian’s laws
of motion, gravity, and mass interactions. Experimental results indicate that this algorithm has performed
very well in solving different kinds of optimization
problems and is also simple to implement [19, 20].
In GSA, the search agents are the collection of objects whose weights are determined by their position
in the feasible area and the values of the objective
function. Thus, in this algorithm, heavier objects represent better solutions. In each step of the algorithm,
these agents transmit the information about their position and the efficiency of the solution via gravitational
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forces.
Up to now, efforts have been made to improve the
performance and efficiency of the GSA and the results have been very impressive. Some researchers
have proposed other versions of this algorithm, such as
the quantum gravitational search algorithm (QGSA)
which has fast convergence speed [21] . Furthermore,
some works added new operators to the computational
process of the algorithm, like the “black hole” inspired
by astronomical phenomenon which is used to improve
the exploitation [22] or “disruption” originating from
astrophysics that improves the ability of GSA to further exploit and explore the search space [23] . Saeidi
and Rashedi [24] controlled the parameters of GSA by
a fuzzy controller to balance between the powers of exploitation and exploration and get better results with
fewer iterations of the algorithm. Clustered GSA [25]
is used to reduce the computations in GSA. Some of
the important ideas and research in GSA are reviewed
in [26].
Scaling functions could be applied for mass calculation in the computational process of GSA to balance
the exploitation and exploration of the algorithm. At
the beginning of the algorithm, due to the large standard deviation of objective function values, it is better
for the masses of objects to be close to each other
to have a higher exploration power. But, as getting
closer to the end of the algorithm, a higher exploitation power is needed to reach the best answer. This
aim can be achieved by increasing the differences between the masses of the objects, thus having stronger
gravitational forces from heavier objects to the other
objects. In this paper, Boltzmann and Sigma scaling
functions are used for mass calculation in GSA.
The remainder of this paper is organized as follows.
Section 2 introduces the principles of the gravitational
search algorithm. In Section 3, the proposed function
for mass calculation in gravitational search algorithm
is presented and the needs of this method in detail are
discussed. Assessment and review of the experimental results are presented in Section 4 and finally, in
Section 5 a brief conclusion is presented.

In GSA, agents are a collection of objects whose
weights depend on their performance. All these objects
are attracted to each other by gravitational force. By
these forces, they can transmit the information about
the search space.
In a system with N objects (agents), the position
of ith object for i = 1, ..., N is denoted by:
Xi = (x1i , ..., xdi , ..., xm
i ), i = 1, ..., N

where xdi is the position of ith agent in the dth
dimension and m is the search space dimension. The
amount of force acting on object i from object j at
time t is calculated as follows:
Maj × Mpi
Fijt =
(xd (t) − Xid (t))
(2)
Rij (t)rP ower + ε j
Maj is the active gravitational mass of ith object,
Mpi is the passive gravitational mass of ith object and
G(t) is the gravitational constant in time t. In this
paper, the value of rP ower is considered to be 1. ε
is a small value and Rij (t) is the Euclidean distance
between objects i and j which is computed as follows:
Rij (t) = kXi (t), Xj (t)k2

Gravitational Search Algorithm

Gravitational search algorithm, GSA, is a novel heuristic algorithm which obeys the law of gravity and simulates Newton’s gravitational force and motion behaviors to optimize a single objective. Experimental
results show that this algorithm in addition to the simplicity of implementation has a proper performance
in solving different kinds of optimization problems
[19, 20].

(3)

To create a randomness property in GSA, the total
force Fid that acts on ith object in the dth dimension
is equal to the sum of weighted random forces from
dth component of other objects. We can compute
this force using Equation (4). Kbest is the set of
K heavier objects in which K is a function of time,
initialized to K0 at the beginning of algorithm and
linearly decreased with time.
X
Fid =
randj Fijd (t)
(4)
j∈Kbest,j6=i

Where randj is a uniformly distributed random
number in the interval [0 , 1].
According to the law of motion, the acceleration of
object i in dimension d and time t is calculated from
the following formula:
adi =

2

(1)

Fid (t)
Mii (t)

(5)

In this formula, Mii is the inertia mass of the ith
object. Thus, the position and the velocity of the ith
object is computed from the following equations:
Vid (t + 1) = randi .Vid (t) + adi (t)

(6)

Xid (t + 1) = Xid (t) + Vid (t + 1)

(7)

Where randi is a uniformly distributed random in
the interval [0 , 1] which is used to generate random-
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ness property in the search process. The gravitational
constant (G) at the beginning of the algorithm is initialized as G0 and is decreased with time. In other
words, the gravitational constant is a decreasing function of the initial value G0 and time t:
G(t) = G(G0 , t)

Generate initial population

Evaluate the fitness for each object

(8)
Update the G and worst of the
population.

According to Equation (2), heavier objects are effective agents and have better answers. This means
that the better agents have higher attraction power
and move slower in the feasible area.

Calculate M and a for each object

In GSA, before calculating the masses, the fitness
of agents are normalized as in Equation (9) and then
by assuming equality of active, passive, and inertia
mass for each agent, the mass value of the ith object is
calculated using the corresponding normalized fitness
as Equation (10):
f iti (t) − worst(t)
N F iti (t) = PN
j=1 f itj (t) − worst(t)

(9)

i = 1, ..., N (10)
where f iti (t) represents the fitness of agent i at
time t, N F iti (t) is the normalized fitness of agent i
at time t and worst(t) in minimization problems is
defined as follows:
(11)

The principle of GSA is shown in Figure 1.

3

No

Meeting end of
criterion?
Yes

Mai (t) = Mpi (t) = Mii (t) = Mi (t) = N F iti (t),

worst(t) = maxj∈1,...,N f itj (t)

Update velocity and position

Mass Calculation in Gravitational
Search Algorithm

Exploitation and exploration are two important issues in the evolution process of any evolutionary algorithms like GSA. Exploitation is the ability of the
algorithm in probing a limited region of the search
space with the hope of improving the solution that
already exists. In other words, the exploitation is the
local search around the present solution to improve
it and converge to a better solution. Exploration, on
the other hand, is about probing a much larger portion of the search space with the hope of finding other
promising solutions. In other words, the exploration is
the power of global searching to prevent the algorithm
from getting trapped in local optima. These abilities
are against each other. It means that whenever the
exploration power is increased, the exploitation power
is weakened and vice versa.
The abilities of exploitation and exploration of any

Return best solution

Figure 1. The General Principle of GSA [19].

evolutionary algorithm should be changed over time.
At the beginning of the algorithm, the strategy is to
explore the feasible area of the search space for the
best solutions. This feature prevents the algorithm
from getting trapped in local optima and premature
convergence. To prevent premature convergence, a
high power of exploration is needed. On the other
hand, when getting closer to the end of the algorithm,
the objects should converge to the best solution and
search the area around it. So, to search around the
best solutions locally, the exploitation ability of the
algorithm should be improved.
In the standard GSA, the acceleration of the ith
agent is proportional to the other masses which exert
gravitational force on this agent (Equation (4)). Thus,
the computation of the masses is an important part of
GSA since it significantly affects the convergence of
the algorithm. The basic strategy and rule in this computation is: the better answer is heavier and attracts
the other objects more. The algorithm can explore
the search space by using this gravitational force from
heavier objects. On the other hand, the lighter objects
do not attract other objects. So, they are attracted to
the heavier objects and the exploitation of the GSA
is increased.
Search algorithms try to establish a good trade-
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off between exploitation and exploration power in
order to find the best answer and global optimum for
the problem [27] . In GSA, the masses can control
and balance the exploration and exploitation in the
evolution process of the algorithm.
In GSA, masses are equal to the normalized fitness
of agents and calculated using Equations (9) and (10).
According to Equation (9), during the execution of
the algorithm, masses are real numbers in the interval
[0,1]. In the computational process of GSA, if the
variance of the masses of the objects is small (the value
of masses are close to each other), the gravitational
forces between objects are balanced and the agents
spread throughout the search space. This means that
the exploration ability of the algorithm is high and
the algorithm could better search the space in the
feasible area. Meanwhile, the exploitation power of
the algorithm is low. But, whenever the difference
between the masses is high (the value of masses are
far from each other), the objects with heavier masses
attract lighter objects by more gravitational force. So
the objects converge to the heavier masses which have
better fitness values. As a result, the exploration power
of the algorithm is decreased but the exploitation
ability of the algorithm is increased.
At the beginning of the GSA, the fitness is widely
distributed and as a result, there are large differences
between the masses. So, the exploration power of the
algorithm is low. On the other hand, towards the
end of the algorithm, the fitness of agents are close
and according to Equation (9), the variance of the
masses is decreased. Thus, normalizing the fitnesses
and using them as masses, which is used in GSA, does
not guarantee the ideal exploration and exploitation
power in the computational process of the algorithm.
By defining appropriate functions to calculate masses,
the exploitation and exploration of the algorithm can
be controlled and also the premature convergence of
the algorithm and trapping into the local optima is
prevented.
These features could be improved by using the scaling functions in mass calculation. By these functions,
the variance of the masses could be decreased at the
beginning of the algorithm and increased by lapsing of
time. In this paper, a scaling function is used for mass
calculation. The strategy is to calculate the masses
as a function of time. At the beginning of the algorithm, the strategy is to explore the feasible area of
the search space for the best solutions. This feature
prevents the algorithm from getting trapped in local
optima and premature convergence. To prevent premature convergence, a high power of exploration is
needed. Thus, it is better to decrease the variance of
the masses of the objects at the beginning of the al-

gorithm. On the other hand, as getting closer to the
end of the algorithm, the objects should converge to
the better agents with the heavier masses and search
the area around these agents. So, to search around
the best solutions locally, the exploitation ability of
the algorithm should be improved. In this case, it is
better to increase the variance of the masses.
Goldberg and Michalewicz classified the scaling
functions into three classes [28, 29] : linear scaling,
sigma scaling, and power law scaling. The second
class is the extension of the first one. In this paper,
the above-mentioned properties have been applied to
calculate the masses in GSA by two methods of scaling:
sigma scaling and Boltzmann selection which falls
under the third category of the scaling functions. The
definitions for sigma scaling and Boltzmann selection
are expressed below.
3.1

Sigma Scaling

Sigma scaling is one of the scaling methods for mapping “raw” values to the expected values. Under sigma
scaling, in each iteration, a particular expected value
is a function of agent’s fitness, the average of all normalized fitnesses, and the standard deviation of all
fitness values [30] . We use this method to calculate
the value of ith mass at time t as follows:


 1 + N F iti (t)− < N F it >t if σ(t) 6= 0
2σ(t)
Mi (t) =

1
if σ(t) = 0
(12)
Where Mi (t) is the mass of agent i at time t,
N F iti (t) is the normalized fitness of agent i, <>t
denotes the average over the all values at time t and
σ(t) is the standard deviation of all normalized fitness
values at time t. At the beginning of the algorithm,
when the standard deviation of normalized fitness is
typically high, the masses will not have values more
than the standard deviation above the average, so
the value of masses are close together. Later, when
the algorithm gets closer to the end, masses are typically converged to the best solution, so the standard
deviation of masses is typically low. In this case, the
difference between the scaled masses is increased and
the algorithm is allowed to converge to the better
solution. According to Equation (12), the average of
the scaled masses at time t is equal to the average of
the normalized fitness of agents at time t [30]. Equation (12) mentions that the mass of an object whose
fitness is 2σ(t) more than the average of normalized
fitness values, is equal to 2. Actually, sigma scaling
method controls the exploitation and exploration
power of the algorithm by controlling the masses.
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Scale invariance and translation invariance are two
concepts which are defined in [27] and are used in the
theoretical analysis of sigma scaling and Boltzmann
selection function. Intuitively, a method like M is scale
invariant if multiplying the objective function by a
constant does not change, the value produced by M,
and such a method is translation invariant if adding
a constant to the objective function does not change
the values which is computed by M.

by controlling and monitoring the temperature T and
assuming that the search process follows Boltzmann
probability distribution, the convergence of the algorithm and exploration and exploitation abilities of the
algorithm are controlled [32].

3.2

4

Boltzmann Function

Sigma scaling preserves the differences between masses
at more or less than a constant value over computational process of the algorithm, but, there should be
some changes in differences between masses in different times in a run. At the beginning of the algorithm,
we want to have agents with low standard deviation in
their masses, and later we want to have masses with
more standard deviation. We can use the Boltzmann
function to achieve this goal. This method is similar
to the simulated annealing and uses the temperature
parameter [30] . At the beginning of the algorithm,
the temperature is high and is gradually reduced. A
typical implementation of this method uses in the
following equation.



N F iti (t)
T


Mi (t) =
N F it
< exp
>t
T
exp

(13)

Where Mi (t) is the mass of agent i at time t, <>t
denotes the average over the all agents in time t and
T denotes the temperature which is a decreasing function of time.T can be defined as a linear or exponential function [30] . According to [31] we define T as
following:
T =

0.2
ln(t)

(14)

Boltzmann function simulates the process of slow
cooling of molten metal to reach the optimal value,
which is the minimum, in a minimization problem.
The cooling phenomenon is simulated by monitoring
a temperature like the parameter introduced in Boltzmann probability distribution. This method suggests
that a system at a higher temperature visits more of
the phase space, whereas at a lower temperature the
probability of visiting points less favorable than the
global minimum is lower. Furthermore, as described
in [27] , Boltzmann function is translation invariant,
and although this method is not scale invariant, any
change in the scale can be offset by multiplying the
temperature parameter by the scaling constant. Thus,

These new functions for mass calculation are examined and compared with the original mass calculation
function in the next section.

Experimental Results

To evaluate the performance of our approaches and
compare the results with other similar algorithms,
we examined it on two sets of standard benchmark
functions. The first set contains 23 test functions which
are divided into two groups: unimodal (F1 − F7 ) and
multimodal functions (F8 − F23 ) and are shown in
Table 1. In this table, n denotes the dimension of the
function and S ⊆ Rn is the search space. Complete
descriptions of these functions can be found in [19] and
[20]. The second set includes 25 standard test functions
of CEC 2005 which are divided into three categories:
unimodal (F1 − F5 ), basic multimodal (F6 − F14 ),
and hybrid composition multimodal functions (F15 −
F25 ). These functions are summarized in Table tbl3.
Additional details about these functions can be found
in [33] , [34] .
In unimodal functions, the rate of convergence is
more important than the final result of the optimization, because there are some methods designed to optimize unimodal functions. But, multimodal functions
have many local optima. Thus, optimizing these functions is too difficult. In this kind of functions, the final
result is more important, because it shows the ability
of algorithm in escaping from local optima. More description about these kinds of functions can be found
in [19] and [22].
4.1

Experimental Results on the Standard
Benchmark Functions

The performances of approaches which are introduced
in this paper for mass calculation with Sigma Scaling (SSGSA) and Boltzmann selection (BSGSA) are
compared with some popular optimization algorithms
such as Real Genetic Algorithm (RGA) [35] , Particle
Swarm Optimization algorithm (PSO) [36] , Gravitational Particle Swarm algorithm (GPS) [37] and standard GSA. In all cases, the number of agents, i.e. the
population size is set to 50 (N = 50), the maximum
number of iteration is 1000 for all functions except
for multimodal low dimensional functions (F7 − F10 )
which is 500 and the dimensions for functions F1 − F13
is set to 30 (n = 30).

237

238 New Functions for Mass Calculation in Gravitational Search Algorithm — S. Ebrahimi Mood, E. Rashedi, et al.

Table 1. Benchmark Functions

Test Function

S

Unimodal Test Functions
Pn
F1 (X) = i=1 x2i
Pn
Qn
F2 (X) = i=1 |xi | + i=1 |xi |
2
Pn Pi
F3 (X) = i=1
j=1 xj

[−100, 100]n
[−10, 10]n
[−100, 100]n
[−100, 100]n

F4 (X) = maxi {|xi |, 1 ≤ i ≤ n}
i
2
Pn−1 h
F5 (X) = i=1 100 xi+1 − x2i + (xi − 1)2
Pn
2
F6 (X) = i=1 ([xi + 0.5])
Pn
F7 (X) = i=1 ix4i + random[0, 1)

[−30, 30]n
[−100, 100]n
[−1.28, 1.28]

Multimodal Test Functions With Fix Dimension
p 
Pn
F8 (X) = i=1 −xi sin
|xi |

Pn  2
F9 (X) = i=1 xi − 10 cos(2πxi ) + 10
q P



Pn
n
F10 (X) = −20 exp −0.2 n1 i=1 x2i − exp n1 i=1 cos(2πxi ) + 20 + e
Pn
Qn
xi
1
2
√
F11 (X) = 4000
i=1 xi −
i=1 cos( i ) + 1
n
o
Pm−1
F12 (X) = nπ 10 sin2 (πy1 ) + i=1 (yi − 1)2 [1 + 10 sin2 (πyi+1 )] + (yn − 1)2 +
Pm
i=1 u(xi , 10, 100, 4)
yi = 1 +

[−500, 500]n
[−5.12, 5.12]n
[−32, 32]n
[−600, 600]n
[−50, 50]n

xi +1
4


n

xi > a
k(xi − a)
u(xi , a, k, n) = 0
−a < xi < a


k(−xi − a)n xi < −a

Pn
F13 (X) = 0.1 sin2 (3πx1 ) + i=1 (xi − 1)2 [1 + sin2 (3πxi + 1)]+
Pn
(xn − 1)2 [1 + sin2 (2πxm )] + i=1 u(xi , 5, 100, 4)

−1
P25
1
+ j=1 P2 1
F14 (X) = 500
j+
(xi −aij )6
i=1
i2
2
P11 h
x (b +b x )
F15 (X) = i=1 ai − b21+bii x3 i+x24

[−50, 50]n

F16 (X) = 4x21 − 2.1x41 + 31 x61 + x1 x2 − 4x22 + 4x42

[−5, 5]2

[−65.53, 65.53]2
[−5, 5]4

i

F17 (X) = (x2 −

5.1 2
4π 2 x1

+ π5 x1 − 6)2 + 10(1 −

1
8π ) cos x1

+ 10

F18 (X) = [1 + (x1 + x2 + 1)2 (19 − 14x1 + 3x21 − 14x2 + 6x1 x2 + 3x22 )] × [30 + (2x1 −
3x2 )2 × (18 − 32x1 + 12x21 + 48x2 − 36x1 x2 + 27x22 )]
 P

P4
3
F19 (X) = − i=1 ci exp − j=1 aij (xj − pij )2

 P
P4
6
F20 (X) = − i=1 ci exp − j=1 aij (xj − pij )2
−1
P5 
F21 (X) = − i=1 (X − ai )(X − ai )T + ci
−1
P7 
F22 (X) = − i=1 (X − ai )(X − ai )T + ci
−1
P10 
F23 (X) = − i=1 (X − ai )(X − ai )T + ci

[−5, 10] × [0, 15]
[−2, 2]2
[0, 1]3
[0, 1]6
[0, 10]4
[0, 10]4
[0, 10]4
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Figure 2. Comparison of the Performances of GSA, SSGSA
and BSGSA for Minimization of F8 with n = 30.

Figure 3. Comparison of the Performances of GSA, SSGSA
and BSGSA for Minimization of F11 with n = 30.

In RGA, the probability of crossover is set to 0.3
(Pc = 0.3) and the probability of mutation is set to 0.1
(Pm = 0.1). In this algorithm, roulette wheel selection
is used. In PSO, the two positive constant c1 and c2
are set to 2 and inertia factor ω is decreased linearly
from 0.9 to 0.2. The parameters in GPS are set as [37].
In GSA, SSGSA, and BSGSA, α is set to 20 and G0
is set to 100 and K0 is equal to the total number of
agents (N ) and is decreased linearly to 1.

feature prevents the algorithm from getting trapped in
local optima and helps it to explore the search space.
On the other hand, towards the end of the algorithm,
using the scaling functions tends to decrease the exploration ability of the algorithm and increase the
exploitation power of the algorithm and helps to converge to a better solution and search the feasible area
around it. As a result, SSGSA, and BSGSA, which
use the scaling functions for their mass calculation to
control their exploitation and exploration ability, can
escape from local optima and provide better results
than GSA.

The average and the median of the best solutions
on 30 independent runs are computed and reported in
Table 2. In this table, the best results are boldfaced.
As Table 2 shows, GSA, SSGSA and BSGSA provide
better answers for all these standard benchmark functions than that of other heuristic algorithms except
F1 , F2 , F9 and F13 − F15 . For F1 , F2 and F15 , GPS
achieves the best results. For F13 and F14 , PSO has
the best performance while on F9 , the RGA algorithm
performs better. The performances of GSA, SSGSA,
and BSGSA are the same for F6 , F16 − F20 , F22 and
F23 whereas for functions F4 , F7 , F11 and F21 , the performance of BSGSA is better. The good performance
of SSGSA can be seen in solving F5 and F12 .
Figures 2 and 3 illustrate the comparison of performance of GSA, SSGSA, and BSGSA for functions F8
and F11 . These are multimodal functions with many
local optima and they are useful to evaluate the ability of search algorithm in escaping from poor local
optima. As these figures illustrate, at the beginning
of the GSA, there are major difference between the
masses, as mentioned in the previous section. So, the
exploration power of the algorithm is low and GSA
gets trapped in the local optima. But, in the proposed
methods, scaling functions used to control the exploration and exploitation abilities of the algorithm. At
the beginning of the algorithm, scaling functions increase the exploration power of the algorithm. This

4.2

Experimental Results on the CEC 2005

The performances of the proposed algorithms are
also tested on the standard benchmark functions of
CEC 2005 which are summarized in Table 3 and are
compared with standard GSA and Clustered GSA
(CGSA). The parameters of CGSA are set as described
in [25].
Table 4 contains the resulting error values of these
algorithms on these standard test functions after 1e+5
fitness evaluations (FEs) with dimension 10 (n=10).
The best (1st ), the worst (25th ), mean and the standard deviation of the error values on 25 independent
runs are computed and shown in this table. The results of GSA and CGSA are taken from [25].
In this reference, the error values of CGSA on these
test functions are computed and reported after 92160
fitness evaluations. In Table 4, the mean and standard
deviation of the error values after 92160 FEs for CGSA
and 1e+5 FEs for other algorithms are boldfaced.
Table 4 shows the comparison between standard
GSA, CGSA, SSGSA, and BSGSA. According to this
table, the performance of SSGSA is close to the BSGSA’s results for almost all functions. As the results
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Table 2. The Results of Benchmark Functions of Table 1.

Best so far RGA[35]

PSO[36]

GPS

GSA

SSGSA

BSGSA

Average

23.13

1.8 × 10−3 5.43 × 10−19 2.26 × 10−17 5.9551 × 10−14 1.5689 × 10−15

Median

21.87

1.2 × 10−3 5.65 × 10−19 2.09 × 10−17 5.1478 × 10−14 1.4242 × 10−15

Average

1.07

2.0

Median

1.13

1.9 × 10−3

F1

F2

2.33 × 10−9 2.34 × 10−8 3.8142 × 10−8 2.1123 × 10−8
2.38 × 10−9

2.32 × 10−8 3.6589 × 10−8 2.0861 × 10−8

Average

5.6 × 10+3 4.1 × 10+3

1.83 × 103

240.33

656.0035

1.2685 × 10+03

Median

5.6 × 10+3 2.2 × 10+3

1.62 × 103

240.50

620.8775

1.2643 × 10+03

F3
Average

11.78

8.1

16.88

3.63 × 10−9 5.3139 × 10−9 3.1367 × 10−9

Median

11.94

7.4

16.08

3.53 × 10−9 5.2469 × 10−9 3.0560 × 10−9

F4
Average
F5

1.1 × 10+3 3.6 × 10+4
+3

40.70

32.75

28.3255

42.6680

1.7 × 10

26.70

26.14

25.3177

26.1000

+3

Median

1.0 × 10

Average

24.01

1.0 × 10−3

357.93

0

0

0

Median

24.55

6.6 × 10−3

311

0

0

0

Average

0.06

0.04

0.0099

0.06

0.0319

0.0262

Median

0.06

0.04

0.0086

0.06

0.0297

0.0232

Average

−1.2 ×
10+4

−9.8 × 10+3−5.78 × 10+3 −1.10 × 103 −4.4524 × 103 −2.5595 × 103

Median

−1.2 ×
10+4

−9.8 × 10+3 −5.73 × 10+3 −1.10 × 103 −4.4432 × 103 −2.5734 × 103

Average

5.90

55.1

17.01

15.69

19.6339

18.0419

Median

5.71

56.6

15.42

14.92

18.9042

17.9093

Average

2.13

9.0 × 10−3

1.02

3.66 × 10−9 5.8669 × 10−9 3.1879 × 10−9

Median

2.16

6.0 × 10−3

1.25

3.57 × 10−9 5.8298 × 10−9 3.1402 × 10−9

Average

1.16

0.01

31.24

4.25

0.0012

5.7511 × 10−04

Median

1.14

0.0081

29.92

3.92

0

0

Average

0.051

0.29

8.12

0.0372

0.0035

0.0069

Median

0.039

0.11

6.58

1.57 × 10−19 3.7917 × 10−19 1.1652 × 10−19

Average

0.081

3.1 × 10−18

27.14

7.32 × 10−4 7.3249 × 10−4 7.3249 × 10−4

Median

0.032

2.2 × 10−23

27.82

2.02 × 10−18 5.6249 × 10−18 1.9200 × 10−18

Average
F14
n = 2 Median

0.998

0.998

7.13

12.74

1.1117

1.2924

0.998

0.998

6.90

12.67

1.0067

1.0182

4.0 × 10−3 2.8 × 10−3 6.80 × 10−4 2.93 × 10−3

0.0019

0.0020

1.7 × 10−3 7.1 × 10−4

F6

F7

F8

F9

F10

F11

F12

F13

Average
F15
n = 4 Median
Average
F16
n = 2 Median

6.27 × 10−4

2.15 × 10−3

0.0019

0.0020

−1.0313

−1.0316

−1.0316

−1.0316

−1.0316

−1.0316

−1.0315

−1.0316

−1.0316

−1.0316

−1.0316

−1.0316
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Table 2 Continued. The Results of Benchmark Functions of Table 1.

Best so far RGA[35]

PSO[36]

GPS

GSA

SSGSA

BSGSA

Average
F17
n = 2 Median

0.3996

0.3979

0.3979

0.3979

0.3979

0.3979

0.3980

0.3979

0.3979

0.3979

0.3979

0.3979

Average
F18
n = 2 Median

5.70

3.00

3.00

3.00

3.0000

3.0000

3.0

3.00

3.00

3.00

3.0000

3.0000

Average
F19
n = 3 Median

−3.8627

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

−3.8628

Average
F20
n = 6 Median

−3.3099

−3.2369

−3.2621

−3.3220

−3.3220

−3.3220

−3.3217

−3.2031

−3.2625

−3.3220

−3.3220

−3.3220

Average
F21
n = 4 Median

−5.6605

−6.6290

−6.8232

−5.9200

−7.0412

−7.0584

−2.6824

−5.1008

−10.1532

−2.6829

−10.1532

−10.1532

Average
F22
n = 4 Median

−7.3421

−9.1118

−9.3842

−10.403

−10.4029

−10.1479

−10.3932

−10.402

−10.4029

−10.403

−10.4029

−10.4029

−6.2541

−9.7634

−10.0575

−10.5364

−10.5364

−10.5364

−4.5054

−10.536

−10.5364

−10.5364

−10.5364

−10.5364

Average
F23
n = 4 Median

F7

10 5

F11

10 5
GSA
SSGSA
BSGSA

GSA
SSGSA
BSGSA
10 0

Best-so-far

Best-so-far

10 0

10 -5

10 -10

10 -15

10 -5

10 -10

0

200

400

600

800

1000

1200

1400

1600

1800

2000
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Figure 4. Comparison of the Performances of GSA, SSGSA
and BSGSA for Minimization of F7 with n = 10.

Figure 5. Comparison of the Performances of GSA, SSGSA
and BSGSA for Minimization of F11 with n = 10.

show for unimodal functions, the proposed algorithms
have a good performance for functions F3 , F4 and
F5 . However, these algorithms could not achieve optimal solutions for F1 and F2 which GSA could find
the exact answer for these functions. For basic multimodal functions, SSGSA and BSGSA have better
performance than GSA and CSGSA for F7 , F8 , F12
and F14 . Finally, for hybrid composition multimodal
functions, the proposed algorithms performed well for
F15 , F17 , F19 , F21 , F22 , F23 , F24 and F25 . The CGSA
has a better performance for F16 , F18 and F20 and the

results of SSGSA and BSGSA are close to the CGSA
results. Also, Figures 4 and 5 illustrate the comparison of performance of GSA, SSGSA, and BSGSA for
functions F7 and F11 which are multimodal functions
with many local optima and they are useful to evaluate the ability of search algorithm in escaping from
poor local optima.
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Table 3. The CEC 2005 Benchmark Functions

Unimodal Functions (5):
F1 :

Shifted Sphere Function

F2 :

Shifted Schwefels Problem 1.2

F3 :

Shifted Rotated High Conditioned Elliptic Function

F4 :

Shifted Schwefels Problem 1.2 with Noise in Fitness

F5 :

Schwefels Problem 2.6 with Global Optimum on Bounds

Multimodal Functions (20):
Basic Functions (7):
F6 :

Shifted Rosenbrocks Function

F7 :

Shifted Rotated Griewanks Function without Bounds

F8 :

Shifted Rotated Ackleys Function with Global Optimum on Bounds

F9 :

Shifted Rastrigins Function

F10 :

Shifted Rotated Rastrigins Function

F11 :

Shifted Rotated Weierstrass Function

F12 :

Schwefels Problem 2.13

Expanded Functions (2):
F13 :

Expanded Extended Griewanks plus Rosenbrocks Function (F8F2)

F14 :

Shifted Rotated Expanded Scaffers F6

Hybrid Composition Functions (11):
F15 :

Hybrid Composition Function

F16 :

Rotated Hybrid Composition Function

F17 :

Rotated Hybrid Composition Function with Noise in Fitness

F18 :

Rotated Hybrid Composition Function

F19 :

Rotated Hybrid Composition Function with a Narrow Basin for the Global Optimum

F20 :

Rotated Hybrid Composition Function with the Global Optimum on the Bounds

F21 :

Rotated Hybrid Composition Function

F22 :

Rotated Hybrid Composition Function with High Condition Number Matrix

F23 :

Non-Continuous Rotated Hybrid Composition Function

F24 :

Rotated Hybrid Composition Function

F25 :

Rotated Hybrid Composition Function without Bounds
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Table 4. Minimization Results on Tests Functions After 92160 FEs for CGSA and 1e+5 FEs for Other Algorithms

Function
st

1 (Best) GSA
st

1 (Best) CGSA

1

2

3

0

0

5.76 × 104

1.02 × 10

−12

7.38 × 10

−12

4

5.11 × 10

129.48

4

1.06 × 10

3

5

6

741.45

2.81

834.70

2.75

1st (Best) SSGSA

2.9026 × 10−15

3.1930 × 10−15

1.8818 × 104

5.0218 × 10−15

121.6000

0.2766

1st (Best) BSGSA

1.0860 × 10−15

1.9836 × 10−15

3.5315 × 103

2.8358 × 10−15

206.8981

0.9534

25st (Worst) GSA

5.68 × 10−14

0

4.53 × 105

6.88 × 103

5.31 × 103 1.1 × 103

25st (Worst) CGSA

1.88 × 10−12

6.42 × 10−12

5.21 × 105

5.77 × 103

4.49 × 103

141.97

st

2.5795 × 10−14

2.0495 × 105

3.9995 × 10−14

758.7330

281.0225

st

1.1829 × 10−14

4.0126 × 105

1.9458 × 10−14 1.0530 × 103 658.3045

0

0

1.93 × 105

3.75 × 103

2.53 × 103

87.97

1.59 × 10−12

3.13 × 10−12

2.02 × 105

3.08 × 103

3.34 × 103

13.38

25 (Worst) SSGSA 1.7943 × 10−14
25 (Worst) BSGSA 4.9869 × 10−15
Mean GSA
Mean CGSA
Mean SSGSA

8.0193 × 10−15 1.2764 × 10−14 9.5887 × 104 1.8194 × 10−14 319.4057

24.8792

Mean BSGSA

2.6328 × 10−15 5.9829 × 10−15 1.4268 × 105 7.6216 × 10−15 436.0698

54.3535

Std GSA

1.16 × 10−14

0

1.11 × 105

1.70 × 103

1.15 × 103

266.97

Std CGSA

2.78 × 10−13

1.74 × 10−12

1.44 × 105

1.36 × 103

926.79

33.29

Std SSGSA
Std BSGSA
Function

3.4146 × 10−15 5.2280 × 10−15 5.6302 × 104 9.6804 × 10−15 148.0310
9.4999 × 10

−16

3.0644 × 10

−15

5

1.1089 × 10 3.9489 × 10

−15

71.6064

210.4693 157.1527

7

8

9

10

11

12

1 (Best) GSA

1.74 × 103

20.00

0.9950

0.9950

8.40 × 10−5

7.20

1st (Best) CGSA

1.33 × 103

20.00

0.9950

2.27 × 10−13

3.48 × 10−4

1.74 × 10−9

1st (Best) SSGSA

1.6653 × 10−15

20.0030

1.9899

1.9899

0.0014

7.6469 × 10−11

1st (Best) BSGSA

9.9920 × 10−16

20.0002

1.9899

0.9950

8.3298 × 10−4

2.7547 × 10−11

25st (Worst) GSA

2.80 × 103

20.39

7.96

5.97

1.96 × 10−4

1.69 × 103

25st (Worst) CGSA

1.87 × 103

20.39

6.96

7.96

6.95 × 10−4

1.69 × 103

25st (Worst) SSGSA

0.0123

20.1722

7.9597

6.9647

0.0089

18.8346

0.0271

20.2742

9.9496

9.9496

0.0031

10.0031

Mean GSA

2.23 × 103

20.11

3.78

3.70

1.39 × 10−4

230.16

Mean CGSA

1.60 × 103

20.08

4.62

3.46

4.94 × 10−4

158.99

Mean SSGSA

0.0019

20.0571

4.4574

3.9798

0.0021

9.1565

Mean BSGSA

0.0039

20.0563

4.2584

4.2186

0.0015

8.9871

Std GSA

227.57

0.0876

1.72

1.36

2.61 × 10−5

536.21

Std CGSA

133.09

0.0956

1.54

1.82

9.84 × 10−5

435.96

Std SSGSA

0.0040

0.0481

1.5763

1.5198

0.0014

3.8728

Std BSGSA

0.0083

0.0648

1.8729

2.2114

5.3481 × 10−4

2.9112

st

st

25 (Worst) BSGSA
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Table 4 Continued. Minimization Results on Tests Functions After 92160 FEs for CGSA and 1e+5 FEs for Other Algorithms

Function
st

1 (Best) GSA
st

13

14

15

0.54

4.57

0

16

17

18

19

41.57

800

800

90.89

800

800

76.2059

800.0000

800.0000

4.7577 × 10−12 4.5205 × 10−12 60.5987

800.0000

800.0000

65.27
−13

−13

1 (Best) CGSA

0.68

4.44

1st (Best) SSGSA

0.7443

3.2906

1st (Best) BSGSA

0.7398

3.6130

25st (Worst) GSA

2.48

4.95

400

111.45

112.79

1.02 × 103

1.01 × 103

25st (Worst) CGSA

1.85

4.98

400

113.27

128.88

900

900

25 (Worst) SSGSA

2.4808

4.0378

400.0000

116.9145

111.0164 1.0178 × 103 1.0360 × 103

25st (Worst) BSGSA

2.3255

4.2489

406.5923

106.1027

125.8152 1.0058 × 103 1.0087 × 103

Mean GSA

1.30

4.82

199.11

92.40

99.79

941.7

946.52

Mean CGSA

1.25

4.79

197.32

84.62

103.29

880

896

Mean SSGSA

1.3188

3.6653

276.0382

96.1282

98.4660

913.9566

917.1538

Mean BSGSA

1.3798

4.0158

173.9696

88.6387

100.4505

934.5902

924.1029

Std GSA

0.43

0.11

157.69

10.73

14.28

69.16

69.03

Std CGSA

0.36

0.16

172.26

27.41

8.84

40.82

20.00

Std SSGSA

0.3926

0.1886

156.3851

11.4109

8.7034

88.98222

93.2374

Std BSGSA

0.4332

0.1485

149.5064

27.2550

12.3611

74.1892

84.2822

st

Function

3.27 × 10

3.41 × 10

41.5060

61.4440

20

21

22

23

24

25

1 (Best) GSA

800

800

720.61

970.50

200

1.30 × 103

1st (Best) CGSA

800

800

727.30

970.50

200

1.31 × 103

1st (Best) SSGSA

800.0000

800.0000

725.4297

970.5031

200.0000

200

1st (Best) BSGSA

800.0000

800.0000

701.9988

970.5031

200

200

25st (Worst) GSA

1.03 × 103

800

800

1.09 × 103

1.26 × 103

1.35 × 103

900

800

800

1.09 × 103

1.27 × 103

1.35 × 103

800.0000

800.0000

1.0888 × 103

900

500.0000

800.0000

800.0000

970.5031

1.2055 × 103

900.0000

950.68

800

763.36

1.08 × 103

602.87

1.33 × 103

Mean CGSA

880

800

756.32

1.07 × 103

628.47

1.33 × 103

Mean SSGSA

906.2861

800.0000

747.4972

975.2348

276.0000

296.0000

Mean BSGSA

914.8380

800.0000

748.5580

970.5031

358.9453

388.0000

Std GSA

79.84

0

33.82

32.75

440.23

9.06

Std CGSA

40.82

6.33 × 10−13

31.04

44.26

457.31

9.55

Std SSGSA

90.9784

2.8506 × 10−12

23.9977

23.6585

171.4643

142.8286

Std BSGSA

84.4220

2.6063 × 10−12

28.0518

3.4809 × 10−13

324.2191

283.3137

st

25st (Worst) CGSA

25st (Worst) SSGSA 1.0157 × 103
st

25 (Worst) BSGSA 1.0185 × 103
Mean GSA
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Conclusion

In this paper, scaling functions, i.e. Sigma scaling
and Boltzmann selection functions are used for mass
calculation in the computational process of GSA to
balance the exploitation and exploration power of the
algorithm and improve the performance of the algorithm. The proposed functions are evaluated on two
sets of standard test functions including unimodal
functions and multimodal functions and the results are
compared with the standard GSA, genetic algorithm,
particle swarm optimization, gravitational particle
swarm optimization algorithm, and clustered-GSA.
The experimental results show that the proposed functions despite the simplicity of their implementation
compared to other methods, are a remarkable way to
improve the results. In future, these methods can be
used to solve some different optimization problems.
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